The radiative properties of numerically generated fractal soot aggregates were studied using the numerically accurate generalized multisphere Mie-solution method. The fractal aggregates investigated in this study contain 10-600 primary particles of 30 nm in diameter. These fractal aggregates were numerically generated using a combination of the particle-cluster and cluster-cluster aggregation algorithms with fractal parameters representing flame-generated soot. 
Introduction
The absorption and scattering properties of combustiongenerated soot are required in many applications related to combustion and heat transfer. It is important to know the radiative properties of soot to quantify its contribution to thermal radiation transfer in flames, fires, and combustion systems. The radiative properties of soot are also essential in many optically based diagnostic techniques for quantitative measurements of soot properties, such as volume fraction and morphology ͑primary particle diameter and aggregate size͒. For example, the absorption cross section of soot aggregates is required to calculate the laser energy absorption rate and the thermal radiation intensity in laser-induced incandescence ͑LII͒ techniques when the effect of soot particle aggregation is taken into account ͓1,2͔ and the scattering properties of soot are required in multi-angle laser elastic scattering techniques for soot morphology measurements ͓3,4͔.
It has been established through thermophoretic sampling and subsequent transmission electron microscopy analysis that combustion-generated primary soot particle diameters fall in the range 10-60 nm for most combustion sources and, thus, can be reasonably assumed to be in the Rayleigh regime for the visible spectrum. It is also well known that soot forms aggregates containing nearly spherical primary particles ͓5,6͔. Within any given aggregate, the sizes of the primary particle have a narrow distribution and can be approximately treated as identical in diameter ͓6͔. Although there is a small degree of overlapping, bridging, or necking between two neighboring primary particles, it is reasonable to assume that primary particles are in point-contact ͓6͔. This is an assumption commonly made in almost all theoretical and numerical studies of the optical properties of soot aggregates. Under these assumptions, the structure of soot aggregates can be described as mass fractal ͓5͔. Due to such rather complex structure of soot aggregates, their optical properties cannot be adequately described by the Rayleigh approximation or the Miesolution for the volume based equivalent sphere ͓7,8͔, since the rather open structure of soot aggregates cannot be represented by a compact sphere.
Various approximate methods have been developed and applied to calculate the radiative properties of fractal soot aggregates, such as the Rayleigh-Debye-Gans ͑RDG͒ theory ͓9͔, the discretedipole approximation ͓10͔, and the coupled electric and magnetic dipole ͑CEMD͒ method ͓11͔. Although these methods are in general computationally efficient, especially the RDG theory, they can produce very inaccurate results under certain conditions. Two numerically accurate methods have been recently developed to predict the radiative properties of aggregates formed by nonoverlapping spherical particles: the cluster T-matrix method ͑CTM͒ ͓12,13͔ and the generalized multisphere Mie-solution ͑GMM͒ ͓14,15͔. Executions of these numerically accurate methods require the position, diameter, and refractive index of each constituent sphere ͑primary particle͒. Although CTM has become the most popular method to study the radiative properties of various scatters ͓16-20͔, GMM has also been demonstrated to be a powerful tool to study the radiative properties of various particles ͓14,15,21,22͔. In fact, CMT and GMM share a very similar theoretical framework, though differences exist ͓23͔. However, GMM offers some advantages over CTM as discussed by Xu and Khlebtsov ͓23͔.
To represent the radiative properties of randomly oriented aggregates of a large population two kinds of averaging have been used ͓16͔: one is the orientation averaging and the other is configuration or realization averaging. In the orientation averaging radiative properties are calculated for many different incident di-rections for a single aggregate, and the results of all the orientations are averaged. In the latter, however, radiative properties are calculated for many different aggregates of identical morphological parameters at a fixed incident direction, and the results are averaged over all the configurations. A common assumption made in such practice is that orientation-averaged radiative properties of a single fractal aggregate can be used to represent those of an ensemble of random aggregates of identical morphological parameters ͑fractal dimension, prefactor, primary particle diameter, and number of primary particle͒ and optical properties ͑refractive index͒. Although this assumption seems reasonable based on the fact that the identical morphology parameters imply any fractal aggregate in this ensemble obey the same fractal scaling law and have the same radius of gyration, it is nevertheless questionable if one considers another fact that there are endless possibilities to generate a fractal aggregate of identical morphological parameters; i.e., the arrangement of individual constituent particles within the aggregate can still be random under the constraint that the fractal scaling law is satisfied.
This assumption has been recently investigated by Kolokolova et al. ͓17͔ and Liu and Mishchenko ͓19͔ using CTM. In the study of Kolokolova et al. ͓17͔ , aggregates were numerically constructed using ballistic particle-cluster and cluster-cluster aggregation procedures ͓24,25͔. Although it was not explicitly indicated in the study of Kolokolova et al. ͓17͔ , these aggregates are indeed fractal, with a fractal dimension between 1.75 and 2.0 for clustercluster aggregation and about 2.45 for particle-cluster aggregation ͓25͔. Moreover, Kolokolova et al. ͓17͔ did not mention the fractal dimensions for the aggregates they investigated. They investigated fractal aggregates containing 16 up to 128 primary particles and different primary particle size parameters in the range between 0.125 and 1.25. CTM calculations were conducted for only three different aggregate configurations for each set of morphological parameters. Their results showed that there are negligible variations in the absorption efficiency and the linear polarization with aggregate configuration; however, significant variations exist in the scattering efficiency, asymmetry factor, and scattering intensity, especially for smaller aggregates. In addition, that also found that the circular polarization is very sensitive to the arrangement of primary particles in an aggregate. For these reasons Kolokolova et al. ͓17͔ concluded that the orientation-averaged radiative properties of aggregates of the same structure and size often cannot represent those of an ensemble of such aggregates due to the influence of different arrangements of primary particles within the aggregate. They also recommended conducting both orientation and configuration averaging to obtain the correct results.
Liu and Mishchenko ͓19͔ studied the effect of aggregate realization ͑configuration͒ on orientation-averaged radiative properties of soot aggregates using the same solution method ͑CTM͒ as Kolokolova et al. ͓17͔, but a different method to numerically generate the fractal aggregates. In their study 20 different fractal aggregates containing 400 primary particles were generated using the algorithm described by Mackowski ͓26͔ along with morphological parameters typical of soot. Ensemble ͑realization͒ averaging of the orientation-averaged radiative properties was then carried out over the 20 realizations. The results of Liu and Mishchenko ͓19͔ showed that the standard deviations of scattering and absorption cross sections, the single-scattering albedo, and the asymmetry parameter are all within 3.5% of their corresponding mean. On the other hand, the relative differences in the scattering matrix elements are much larger but still within 15%. Based on these results, Liu and Mishchenko ͓19͔ concluded that the radiative properties obtained for one realization of a soot aggregate can be used to represent those of the entire ensemble of clusters having the same morphological parameters. Although Van-Hulle et al. ͓21͔ also investigated the effect of aggregate realization on the radiative properties of fractal soot aggregates, their results are not useful for examining the assumption mentioned above for the reason that the fractal aggregates they generated exhibit large variations in radius of gyration.
It is somewhat surprising to observe that Kolokolova et al. ͓17͔ and Liu and Mishchenko ͓19͔ reached opposite conclusions with regard to the importance of configuration or realization averaging to the radiative properties of a random-oriented ensemble of fractal aggregates. The present study is motivated by these contradictory findings. In this study, fractal soot aggregates containing 10-600 identical primary particles of 30 nm in diameter were numerically generated using a combined cluster-particle aggregation and cluster-cluster aggregation algorithm for specified fractal parameters ͑fractal dimension and prefactor͒. The resultant aggregates of different sizes have identical fractal parameters. Numerical calculations were conducted using GMM ͓14,15͔. We attempt to conduct a similar study as that by Kolokolova et al. ͓17͔ and Liu and Mishchenko ͓19͔ to provide further numerical evidence to help answer the question if configuration averaging is necessary to predict the radiative properties of a random-oriented ensemble of aggregates.
Methodology
2.1 Numerical Generation of Fractal Aggregates. Soot, like many other fractal objects, is formed by the aggregation of small, nearly identical, and spherical primary particles into complex geometries. The fractal-like structure of soot aggregates obeys the following statistical scaling law ͓27͔:
where N is the number of primary particles within the aggregate, k f and D f are the prefactor and fractal dimension, respectively, a is the primary particle radius, and R g is the radius of gyration defined as ͓28͔
where vectors r i and r 0 define the position of the center of the ith primary particle and the center of the aggregate, respectively. For the current study, fractal aggregates simulating flame-generated soot were numerically generated using the particle-cluster aggregation algorithm for small aggregates ͑up to N =31͒ and clustercluster aggregation algorithm for larger aggregates. The algorithms used in this study follow closely those described by Filippov et al. ͓28͔ , and the details of our numerical implementation of these algorithms can be found in Ref. ͓22͔ . It is worth noting that the algorithms for the generation of numerical fractal aggregates in this study are also very similar to those used by Liu and Mishchenko ͓19͔. As demonstrated by Filippov et al. ͓28͔, the density correlation functions of fractal aggregates generated by the cluster-cluster aggregation algorithm give the correct slope when plotted against the nondimensional distance on a log-log scale. The following morphological parameters were used in the generation of fractal aggregates: k f = 2.3, D f = 1.78, and a = 15 nm, which are typical values for flame-generated soot. Fractal aggregates containing N = 10, 20, 50, 100, 200, 400, and 600 primary particles were generated using this combined particlecluster and cluster-cluster aggregation algorithm. For all the aggregate sizes except N = 200, ten different realizations were generated. In the case of N = 200, 30 different aggregates were constructed.
To demonstrate the variability in the arrangement of primary particles in aggregates of identical morphology, the first six aggre-
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Transactions of the ASME gate realizations for N = 100 are displayed in Fig. 1 . It is evident that the aggregates can have very different arrangements of individual primary particles. It is recognized that these aggregates are somewhat more compact than typical soot aggregates. This is because a somewhat large value of the prefactor k f = 2.3 is used.
Generalized
Multisphere Mie-Solution. In this study GMM was used to calculate the orientation-averaged radiative properties of the numerically generated fractal aggregates. Similar to CTM, GMM is also numerically exact and much more efficient than the other numerical techniques based on an explicit solution of the Maxwell equations. GMM was developed by Xu ͓14,15͔ based on the framework of the Mie theory for a single sphere and the addition theorems for spherical vector wave functions. GMM provides a rigorous and complete solution to nonoverlapping multisphere light scattering problems and can be readily applied to fractal aggregates ͓21,22͔. The key steps involved in the development of GMM include ͑a͒ expansion of the scattered, internal, and incident electromagnetic fields in terms of vector spherical functions; ͑b͒ formation of a linear equation system through the boundary condition at each primary particle in the aggregate; ͑c͒ transformation of the waves scattered by an individual primary particle into the incident waves of the other particles in the aggregate through the addition theorems for vector spherical functions; and ͑d͒ solution of the linear system of interactive coefficients. The absorption and scattering cross sections and the four scattering matrix coefficients are analytically given by Xu ͓14,15͔. GMM rigorously accounts for the multiple scattering within the aggregate. However, GMM is still very computationally demanding and memory intensive for large aggregates containing several hundred primary particles, especially when the size parameter of the primary particle is relatively large.
Results and Discussion
Numerical calculations were conducted for 532 nm wavelength, which is of great interest in laser scattering and LII experiments. The corresponding primary particle size parameter is x p = d p / , and is relatively small at 0.177. The refractive index of soot was assumed to be m = 1.6+ 0.6i, which is again a typical value of soot in the visible spectrum. Orientation averaging was achieved numerically in the GMM calculations by dividing each Euler angle into 15 equal-intervals. Although the apparent number of orientations considered is 3375, the actual number of orientations to be calculated is doubled by selecting the feature of IDD= 1 ͓29͔. Such level of orientation averaging is considered sufficient based on previous studies ͓16͔; i.e., further division of the three Euler angles would not affect the orientation-averaged results.
Absorption and Total Scattering Cross Sections and
Asymmetry Parameter. The ensemble-averaged cross sections of absorption and total scattering and the asymmetry parameter were calculated using the following expressions ͓19͔:
where subscripts abs and sca represent absorption and scattering, respectively, and superscript i denotes orientation-averaged quantities of the ith aggregate realization. The numerical results of the absorption and total scattering cross sections and the asymmetry parameter are summarized in Table 1 . In this table, the relative deviation is defined as ͉X i − X mean ͉ / X mean ϫ 100% ͑X is either C abs , C sca ,o rg͒. It is evident that the absorption cross section varies negligibly with aggregate realization for all the aggregate sizes considered. Although the total scattering cross section and the asymmetry parameter exhibit larger variations with the aggregate realization than the absorption cross section, the relative deviations are still considered small as they remain less than 7.5%. Kolokolova et al. ͓17͔ reported that there are significant relative deviations in C sca and g ͑about 15%͒ with aggregate realization for N = 16 and x p = 0.125, which are comparable to the present conditions of N = 20 and x p = 0.177. Unlike the results of Kolokolova et al. ͓17͔ for N = 16 and x p = 0.125, however, our results of C sca and g for N = 20 and x p = 0.177 do not display large variations with aggregate realization. The relative deviations in C sca and g for larger aggregates are similar but smaller to those reported by Kolokolova et al. ͓17͔ . The maximum relative deviations in C sca and g are also comparable to the relative errors in C sca and g of Liu and Mishchenko ͓19͔ measured by the ratio of standard deviation to mean.
The results for N = 200 and different realizations indicate that 20 realizations seem sufficient to achieve converged results; however, 10 realizations can be considered as adequate. Nevertheless, the results shown in Table 1 suggest that the aggregate realization or configuration, i.e., the detailed arrangement of individual primary particles within the aggregate, has almost no influence on the orientation-averaged absorption cross section, and only small or modest impact on the total scattering cross section and the asymmetry parameter.
The present normalized averaged absorption and total scattering cross sections over both orientation and aggregate realization for a given aggregate size are compared with the results of RDG and 
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FEBRUARY 2010, Vol. 132 / 023308-3 our previous GMM for a single aggregate realization using the same fractal parameters and soot refractive index ͓22͔ in Figs. 2  and 3 , respectively. The superscript p indicates quantities of the primary particle in the Rayleigh limit. It is evident from these figures that the effect of realization averaging is quite small, consistent with the results displayed in Table 1 . Nevertheless, realization averaging results in a smoother distribution of C abs . The deviation of the RDG results from those of GMM or other more accurate solutions is well known, especially for the absorption cross section. These results indicate that it is adequate to perform GMM calculations for the absorption and total scattering cross sections and the asymmetry parameter of an ensemble of randomoriented fractal aggregates using just a single realization. In this regard, the present finding agrees with that made by Liu and Mishchenko ͓19͔. This conclusion has significant implications in practice, since it means not only that previous results of the optical properties of fractal aggregates based on a single realization are valid but also huge computing efforts can be avoided in future studies.
Differential Scattering Cross Sections.
The nondimensional differential scattering cross sections k 2 C VV for different realizations of N = 100 and 400 are compared in Fig. 4 ; here k =2 / is the wavenumber, the first subscript in C VV refers to the incident polarization, and the second to the detected polarization. The following observations can be made from the results shown in this figure. First, the differential cross section C VV in the near forward directions is almost independent of the aggregate realization. However, the angular range for such independence becomes narrower as the aggregates become larger. Second, the differential cross section C VV displays a relatively large sensitivity to the aggregate realization at large scattering angles, i.e., in the backward directions. These results indicate the increasing importance of aggregate realization ͑arrangement of primary particles͒ as the scattering angle increases. A similar observation of such behavior of C VV has been made previously by Farias et al. ͓30͔. The results of horizontal-horizontal differential scattering cross section C HH have a similar dependence on aggregate realization to C VV and can be found in Ref. ͓22͔. Therefore, the results of C HH are not shown.
The scattering phase function is related to the scattering cross sections as
The effects of aggregate realization on the scattering phase function for N = 100 and 400 are shown in Fig. 5 . In the calculation of the configuration-averaged phase function, the configurationaveraged total and differential scattering cross sections are used in Eq. ͑7͒. The scattering quickly becomes primarily in the forward direction as the aggregate size increases. The effect of aggregate realization is relatively small with deviations comparable to those for the total scattering cross section and the asymmetry parameter given in Table 1 . Although the results shown in Fig. 4 are a clear indication that the vertical-vertical differential scattering cross section is somewhat sensitive to the detailed arrangement of primary particles, C VV is not the best quantity to demonstrate the importance of aggregate realization. This is because C VV is dominated by single scattering ͓31͔, and a better way to reveal the importance of primary particle arrangement is to examine the quantities dominated by multiple scattering. Such quantities include the circular polarization ͓17͔ and depolarization ͓31,32͔. It is well known that the presence of depolarization is an indication of multiple scattering. Here we examine depolarization quantified by the differential scattering cross section C VH at the forward direction, i.e., at scattering angle = 0 deg. The results of orientation-averaged C VH ͑0 deg͒ for different aggregate realizations and different N are summarized in Table 2 . It is evident that C VH ͑0 deg͒ is sensitive to aggregate realization and the relative variation can vary by more than a factor of 4. For this reason, our results support the conclusion reached by Kolokolova et al. ͓17͔ that it is important to perform configuration averaging to obtain correct complete radiative properties of random-oriented ensemble of fractal aggregates. Transactions of the ASME Chen et al. ͓33͔ showed that second-order light scattering ͑SOLS͒͑ C VH is a special case of SOLS͒ is sensitive to the structural anisotropy of a cluster, which is determined by the arrangement of primary particles. It is clear that the radiative properties of fractal aggregates that are dominated by multiple scattering and sensitive to the specific arrangement of primary particles require a certain tool to describe the subtle difference from one aggregate to the other among aggregates of identical morphology dictated by k f , D f , a, and N. Such subtle difference has been discussed by Seeley et al. ͓34͔ in terms of higher-order geometry of such fractal aggregates. The results shown in Table 2 clearly indicate that the orientation-averaged differential scattering cross section C VH calculated from a particular aggregate realization cannot be used to represent that of a random-oriented ensemble of aggregates.
Because of the large variation of C VH ͑0 deg͒ from one realization to another, the adequacy of using only ten realizations for obtaining its configuration-averaged value is somewhat questionable. Nevertheless, variation of the configuration-and orientationaveraged C VH ͑0 deg͒ with aggregate size N is plotted in Fig. 6 in a log-log scale, since it is expected that C VH is proportional to N x ͓33͔. Except for the point at the smallest aggregate size considered ͑N =10͒, there exists a very good linear fit with a slope of 1.43, which is close to the value of 1.5 obtained by Chen et al. ͓33͔ for bond-percolation clusters. The good linear fit implies that it is reasonable to use ten realizations for configuration averaging of C VH ͑0 deg͒. If the point at N = 10 were included in the linear fit, a higher slope of 1.56 was obtained with a much worse fit quality.
Conclusion
The effect of configuration averaging on the radiative properties of soot fractal aggregates was investigated using the generalized multisphere Mie-solution method along with a combined particlecluster and cluster-cluster aggregation algorithm for generating fractal aggregates of identical morphology. The present results show that the orientation-averaged absorption and total scattering cross sections and the asymmetry parameter exhibit relatively small variation from one realization to the other with a maximum relative deviation of less than about 7%, especially for the absorption cross section with a maximum relative deviation of about 1%. Such effects of aggregate realization are similar to some previous findings. Therefore, we can conclude that it is reasonable to conduct numerical calculations using just one aggregate realization to represent orientation-averaged absorption and total scattering cross sections, the asymmetry parameter, the scattering phase function, and the vertical-vertical and horizontal-horizontal differential scattering cross sections of an ensemble of random-oriented soot fractal aggregates. The present configuration-and orientation-averaged absorption and total scattering cross sections are in good agreement with our previous results obtained for a single aggregate realization.
The arrangement of primary particles in aggregates of identical morphological parameters has modest impact on the verticalvertical differential scattering cross section at larger scattering angles. The quantities dominated by multiple scattering, such as the vertical-horizontal differential scattering cross section, display a much higher sensitivity to aggregate realization. For this reason, it is concluded that a single aggregate realization cannot be used to represent the radiative properties of a random-oriented ensemble of aggregates as far as the vertical-horizontal differential scattering cross section is concerned. This finding is likely applicable to other quantities related to the asymmetric structure of fractal aggregates, but further investigation is required. The configuration-and orientation-averaged vertical-horizontal differential scattering cross sections of the soot aggregates investigated increase with the aggregate size as N 1.43 .
